2
C _GOODNESS OF FIT TESTS

Questions on probability have often talked about afair die or random numbers or the distribution of colours for a particular flower.
Now, we wish to go behind the scenes as it were and ask the question: “Isthe die redly far?’
We may use the chi-squares goodness of fit test to see how well aset of data fits the theoretical digtribution. The distribution for adieis Uniform or

Rectangular, with the probability of each outcome bel ng% . Soif we throw our die 120 times and obtained the following results:

Number 1 2 3 4 S 6

Frequency (observed) | 17 | 16 | 19 | 17 | 21 | 30 | |f thediewerefar we should expect %x 120 = 20 of each number.

Expected frequency | 20 | 20 | 20 | 20 | 20 | 20 | Comparing the observed and expected frequencies suggest adie biased in favour

of Sxes.
But we need to do a statistical test to ascertain if these differences between observed and expected values are Sgnificant. We need a*thermometer”.
Let usfirg of dl sate aNull Hypothesis. This can be done in a sentence indicating that we believe there is nothing significant in our results.

Ho: A Rectangular Distribution isa suitablemodel.  And we need an alter nate hypothesis which suggests abnormality in the die.
H1i: A rectangular digribution isnot a suitable model.

We need a statistic to measure the degree of discrepancy between the observed and expected values.
If we look at the differences (observed — expected) and sum these, the answer would be zero.
If we squar e these before adding, we would not get zero but we would get identical answer's for both sets of data below:

Observed frequency 17| 16| 19| 17| 21| 30

Expected frequency 20 20 20| 20| 20 | 20 4 (0-E)=0, @ (O- E)* = 9+16+1+3+1+100 = 130

Observed frequency 197|196 | 199 | 197 | 201 | 210

Expected frequency | 200| 200 | 200 | 200 | 200] 200] & (O- E) =0, & (O- E)® = 9+16+1+3+1+100 = 130

But we don’t want identical answers since clearly; the second set of figures seemsto represent amore normd diein terms of percentage difference
between observed and expected values particularly on the number of Sixes.

Expressing ech (O - E)? in proportion to its Expected value before adding will mean that the identical answers will no longer appear.



(O-E)* _ 3 4 71 10°
-_— = —+ + — + ...

2 2
The measure of discrepancy will be different. l.e. thecaculated C  satistic, C  (cac) = 3 =
4 (cdo) = a E 20 20 20 20

Whichisequd to 6.8 for thefirst set of data and equa to amuch smdler amount of 0.68 for the second set of data.

We need to decideiif either of these values are significant if we are to make a statement about the fairness of the die.

A chi-squared table of vaues will help usfind the critical vaue for this particular problem which had six "expected” cdlsto be filled.

If the expected vaues are largely different from the obser ved vaues, thiswill be reflected in alarge cdculated vaue and if it is larger than the critical
vaue found from tables, we will conclude that the null hypothessis fadse and thereis an eement of biasinthedie

Or in other words: A rectangular distribution isnot a suitable modél.

Tofind thiscritical value look to the tables. The vaues are entered and we look at the 5% vaue but must establish the row to look aong.
The rows give the degrees of freedom: the degree of play we have when ca culaing the expected values.

Out of the six cdlsto befilled with expected vaues, only five have to be worked out and the last entered by

subtraction.  So we use 5 degrees of freedom for thistest.

C 2, (5%) = 1107 | f our calculated value lies n the shaded region which it hes a5% chance of doing, df|P=005|P=001|P=0.001
' then we rgect the null hypothess that the rectangular distribution is a good fit. 1 384 6.64 10.83
: 2 599 921 1382
Taking C * (calo) as6.8: 2
2 3782 11.35 16.27
Since € (calc) < 11.07, we have no grounds to reject Ho and conclude that 4 |o.49 13.28 1847
o7 A rectangular distribution isa suitable modd. 5 1107 15,09 2052




Testing thefit to other distributions.

We can tet if data could have come from a Binomial, Poisson or Normal Distribution and also if data conformsto any prior pattern which we
believeto betrue.

For exampleit is believed that three mgor politica partiesgain votesintheratio A(5): B(4): C(1)3. 60 people were asked who they were going to vote
for and the resultswere: 23 for A, 20 for B and 17 for C. Isthis consstent with theratios 5: 4: 3?

Ho: Thedataisconsistent with theratios5:4:3.
Hi: Thedataisnot consstent with theratios5:4:3. We usethe ratios 5:4:3 to work out the expected valuesas 25 - 20— 15, put themin atable
2 . 2 (O- E)? 22 02 2?
and performa € goodness of fit test. C (o= —1 = Z—+—+= =043
pert J (cde) = a E 25 20 15

Observed values 23| 20 | 17

The vaue 0.43 is not greater than the critica vaue 5.99 for two degrees of freedom and so we don't rgect Ho
Thedistribution with ratios 5:4:3 isa suitable modd.

Expected vaues 25| 20| 15

Fitting a Binomial disribution

A sarvey of 200 families with exactly 4 children gave the following results for the number of girls.

NUmber of girls 0 1 > 3 2 Test the suggestion that the digribution of girlsin afamily of four children is Binomid

Frequency (observed) 15 63 69 38 10 withn=4and p=0.5.

Ho: The data comesfrom the Binomial digtribution B(4,0.5).
Hi: Thedata doesnot comefrom aBinomial distribution.  We usethe probability density function to get the expected values:

X: 0 1 2 3 4
P: 00625 025 0375 025 00625 [Observedfrequency | 15 168169 38| 10 | 2 (o) = 1084, C 2, (5% = 9.49

Reect Ho. Based on the evidence, the data does not come from a Binomial distribution.



Fitting a Poisson distribution

A servey of 200 familieswith exactly 4 children gave the following results for the number of girls.

Number of girls 0 1 5 3 4 Test the suggestion that the distribution of girlsin afamily of four children is Binomid

Frequency (observed) 15 63 69 38 10 withn=4and p=0.5.

Ho: Thedata comesfrom the Binomial distribution B(4,0.5).
Hi: Thedata doesnot comefrom a Binomial distribution.  We usethe probability density function to get the expected values:

X: 0 1 2 3 4
. Observed frequency 15 | 68|69 | 38| 10 2 2

P: 00625 025 0375 025 0.0625 C % (cado) = 1084 C %, (506 = 9.49
200xP 125 50 75 50 125 | Expectedfrequency |125]50 | 75 | 50 | 125 (calc) 84, L 4(3%)= 9.

Reject Ho. Based on the evidence, the data does not come from a Binomial distribution.

Fitting a Normal distribution

The times taken for agroup of children to complete a mathematica puzzle is shown in the following table:

Test that the data comes from aNormad Didribution. Ho: The data comes from a Normal distribution. H1: Thedataisnot Normal
Times taken (secs) 0-5 6- 10 11-15 16- 20 21-25 26 - 30 Over 31
Number of children 13 21 42 63 38 16 7

Thisis acontinuous digtribution with class boundaries 0<t<5.5, 55<t< 105 etc but to work out the expected probabilities, and then the expected
frequencies, we need the mean and standard deviation of the distribution.
We use the data to give an estimate of the mean as 17.18 and avariance of 51.48. (using mid points etc.)

55-17.18, 10.5- 17.18

—a Z &—F—
~51.48 +/51.48

= P(-1.72<z<-0.93) = 0.124 from tables and an expected frequency for the class 5.5 <t < 10.5 will be 0.124 x 200 = 24.8. The rest of the expected

We then use standardized norma tables to work out the probabilities for each class. For instance P(5.5<t < 10.5) = P( )

frequencies are Expected frequency 10.22 | 248 |456 |[542 |398 (182 |63

2 2
C (cac) = 318, C ,(5%) = 9.49

Since we have estimated the mean and variance we have 2 less degrees of freedom. Df =7-1-2=4

We have no evidenceto rgect Ho. The Normal distribution isa good model for the data. www.funkymaths.co.uk



